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Introduction
Fibre-reinforced composites are traditionally designed by stacking plies built with a discrete set of constant fibre orientation angles: 0°, ±45° and 90° [1] .
These designs do not take full advantage of the potential of composite materials [1] [2] [3] . Performance improvements can be driven by the lay-up of curvilinear fibres [4, 5] , which benefits from a better stress distribution and an expanded design space [6, 7] . Automated Fibre Placement (AFP) offers the capability of steering individual fibre tows over the surface of a laminate [1, 5, [8] [9] [10] . Due to the variation of stiffness properties associated with the continuous change in fibre orientation of a layer, these structures were termed as variable stiffness laminates (VSL) [11] .
Design and manufacturing of composite structures are interdependent [12] . AFP presents a set of limitations that will affect the manufacturability and quality of designed variable stiffness laminates, such as minimum steering radius (smallest radius of the fibres that can be laid without significant defects, like local fibre buckling or ply wrinkling), minimum cut length (shortest length a tow can be laid in a controlled manner), and gaps and overlaps (defects introduced when a course, set of tows laid up in one machine pass, is not laid parallel to an adjacent one). For instance, tow kinking and wrinkling is noticed in the cylinders manufactured by Blom et al. [13] and Wu et al. [14] . Gaps and overlaps are observed in the cylindrical shells manufactured by Wu et al. [14] and the flat plates manufactured by Tatting and Gürdal [15] . Recently, a new manufacturing technology called continuous tow shearing (CTS) has been developed, avoiding gaps and overlaps at the expense of thickness variation [16, 17] .
This type of non-conventional laminates shows an increasing interest from the specialised literature. An extensive review on design optimisation methods can be found in Ghiasi et al. [18] and Sabido et al. [19] . Design approaches include aligning the fibres with the principal stress trajectories and load paths [4, [20] [21] [22] [23] [24] and using lamination parameters to find the optimal stiffness distribution [6, [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] , which is followed by a retrieval of fibre orientations step [6, 31, 32] . These methods result in an optimal fibre angle distribution, where continuity of the distribution is not guaranteed and manufacturing constraints are difficult to impose. Discontinuities between neighbouring elements are noticed in the optimal fibre orientations in the work of [6, 41, 42] . The manufacturing of such designs with curvilinear fibres is not possible [42] , and post-processing would be required [43] . For instance, introducing constraints to ensure continuity of fibre orientations could alleviate this issue [28, 42, 44, 45] .
In addition, to overcome this issue, many authors have employed a functional parametrisation to represent the fibre paths. This approach typically consists of optimising a reference path, and then, a ply is created by replicating this path, either by shifting the reference path in a specified direction (usually x-or y-axis) or by placing adjacent courses parallel to one another. The former leads to the occurrence of gaps and overlaps between adjacent courses, which may affect the performance of the laminate [46] ; while the latter will likely result in kinks as the radius of the tows decreases to remain parallel to the reference path.
Linearly varying fibre angles, introduced in [47] , has been widely used in the research [5, 9, 15, 46, [48] [49] [50] [51] [52] [53] [54] [55] . To overcome the reduced design space of a linear fibre path representation, non-linear variations of fibre angles have also been proposed, for example by means of Lagrangian polynomials [56] [57] [58] , LobattoLegendre polynomials [59, 60] , Bezier curves [17, 61, 62] , splines [63, 64] , Bsplines surfaces [41] , NURBS (Non-Uniform Rational B-Splines) [65] , and
Lagrangian interpolation functions applied to a manufacturing mesh [66, 67] .
This method reduces the number of design variables an ease the consideration of manufacturing constraints while modelling continuous paths. However, the design space is limited due to the pre-specified set of possibilities [68] . A streamline analogy, also known as a fluid flow analogy, has been employed to compute continuous fibre paths from discrete fibre angles [4, 21, 23, 31, 59, 69, 70] .
Other manufacturing features are considered in design, such as minimum curvature radius [12, 32, [66] [67] [68] [71] [72] [73] [74] [75] and minimum cut length [13] . For laminate analysis, studies have been conducted on capturing the influence of as-manufactured geometry and features such as gaps, overlaps, tow-drops and variable thickness for the analysis of VSL, by means of 3D FE models [48, [76] [77] [78] [79] [80] [81] [82] [83] , analytical methods [84] and experimental tests [13, 81, [85] [86] [87] . A review focused on analysis methods for buckling, failure and vibration was published by Ribeiro et al. [88] and on design for manufacturing by [89] .
However, structural optimisation has been the subject of a larger body of research works, where manufacturability is usually neglected. As a result, few examples exist of practical applications of curvilinear fibre laminates. Besides the design of variable stiffness laminates, fibre steering becomes necessary in high-complexity structures. Frequently, fibre paths cannot follow the designed constant fibre orientation in a layer due to the part geometry (e.g. double curvature), which is dealt manually on a case-by-case basis. Hence, generic capabilities for the design of fibre-steered laminates and analysis of manufacturing features are required [89] .
A design for manufacturing (DFM) software tool is described in this work that enables the automatic modelling of fibre paths considering manufacturing constraints of fibre placement technologies. It provides a novel approach to consider manufacturability of laminates requiring fibre steering. Also, each fibre path is modelled explicitly and controlled independently, providing higher flexibility than existing methods. Thus, it contributes to improve the applicability of advanced laminate designs with curvilinear fibres in industry. Algorithms to generate continuous paths from discrete angles and to adapt fibre paths to manufacturing specifications are presented in section 2.1 and 2.2, respectively.
The procedures to analyse manufacturing features, such as curvature radius and gaps and overlaps are explained in section 3. This tool is applied to a flat plate with a hole designed with curvilinear fibres and to an aircraft componenta windshield front fairing -with conventional fibre in section 4. The paper is concluded in section 5.
Tool to design variable stiffness laminates for manufacturing
A software tool for manufacturing analysis and optimisation of fibre steering named FIPAM (Fibre Paths for Manufacturing) has been developed. It provides 6 a post-processing of the design configurations from structural optimisation prior to manufacturing. This tool enables the automatic generation of fibre paths (i.e., machine trajectories), imposing manufacturing requirements. It is integrated in CATIA V5, where each path is modelled individually considering constraints to ensure manufacturability.
A two-step approach is proposed that takes as input a discrete fibre angle distribution resulting from structural optimisation, which is initially imported in the CAD environment where the algorithms for Design for Manufacturing are implemented. The method for structural optimisation of variable stiffness laminates was developed by Peeters et al. [68, 74, 90, 91] and comprises an optimisation of the stiffness distribution using lamination parameters [12] and a posterior fibre angle retrieval and optimisation [68, 74, 90, 91] . Structural approximations of the Finite Element (FE) response are used to reduce the required number of FE analyses [92] . The problem is solved using successive approximations, and convergence is guaranteed by introducing a damping function to achieve conservative approximations [93] .
In the first step, the input fibre angles, representative of fibre trajectories for a ply, are translated into continuous reference paths using interpolation algorithms (algorithm 1 in section 2.1). Subsequently, manufacturable fibre paths are generated approaching previously defined references, presented in algorithm 2 in section 2.2. An extension to the above algorithm to enable towdropping within a ply is described in section 2.3. Constraints for gaps and overlaps, minimum turning radius, course width and curve smoothness are implemented in the process in order to ensure the suitability of resulting fibre 7 paths to fibre placement technologies and compliance with specific manufacturing requirements. The objective is to minimise the angle deviation from the optimal fibre angle distribution. Methods need to be implemented to analyse whether a laminate design comply with the constraints. For this purpose, an algorithm to compute the gaps and overlaps of the fibre path design of a ply has been developed (algorithm 3 in section 3.1) and a method to calculate the steering radius of curvature of a path is presented in section 3.2.
The complete approach is summarised in Figure 1 .
A case study of a flat plate with a central hole optimised for stiffness is used in subsequent sections to describe the algorithms. Continuity constraints were imposed to the structural optimisation procedure. The loading condition was shear force (1N) at the top and bottom edges. The boundary conditions were:
all sides were restricted to move in z-direction, the top and bottom edges were simply supported and have to stay straight, and the top left node is also constrained in the first (x) and second (y) directions.
Modelling of continuous fibre paths
The objective of this step is to generate continuous paths following the optimal discrete fibre orientations The accuracy of the curves (deviation from optimal angles) depends on the fineness of the discretisation (i.e. the length of the segments). Assuming the orientation of a segment to be always equal to the interpolated orientation at the starting point of this section introduces some inaccuracy to the generated curve.
Alternatively, setting its orientation equal to the interpolated orientation of other point within the segment would also yield some deviation from optimal, as this issue is inherent to the discretisation approach.
However, this can be minimised by setting a sufficiently small segment length. The width of each course (machine pass) can be specified and the proportion between gap and overlap size (coverage) is controlled ( Figure 4 ). The selection of next starting points is done iteratively based on the specified course width.
Firstly, a point is chosen, which is contained in a parallel curve to the previous Create segment following optimal angle at point 3. Interpolate angle at end of segment 4. Create new segment with the interpolated angle and the end of the previous segment as start point 5. If curve is not finished (cover the surface) then go to 3 6. Join the segments to create a polyline or store the points of start/end of segments to fit a curve. 7. Curve fitting. Options: using the reference points as inputs, create cubic Bezier curves through two consecutive reference points, which are joined; create a general Bezier curve of n-degree using the reference points as control points; use the spline command of CATIA (creation of a NUPBS). 8. Curve smoothing: measure minimum radius of curvature (section 3.2) and smooth the curve in case it does not comply with the minimum turning radius. 9. Select next starting point and go to 2. The selection of the starting points is done iteratively, by choosing first a point contained in a parallel curve to the previous reference with an offset equal to the course width. The position of the starting point is tuned to comply with the defined proportion between gaps and overlaps. If ( ‫ݒܥ‪ห‬‬ -‫‪ห‬ݍ݁ݎ_ݒܥ‬ > 5 (tolerance to speed up convergence)) {No compliance. Tune the distance (d) to the previous curve by creating a parallel from the current curve at a distance equal to:
Select a point on this new curve (by default the middle point) and go to (a) Else
Remove temporary curves and Go to 2 (next reference path)
Modelling of manufacture compliant fibre paths
In a second step, new fibre paths for manufacturing are modelled approaching the previously defined paths. Choosing one curve as starting path, the method consists of defining a feasible region where the next path should be placed to comply with the specifications on course width, maximum gap and maximum overlap. The new path is created within this region trying to approach the trajectory of the closest reference curve from the first step. To create this manufacturable path, several equally distributed points are created on the current fibre path (initially, it is the starting path). The number of points or distance between points is defined at the beginning of the process. Distances are measured from these points to the target reference, normal to the current fibre path. The minimum distance to the target reference is used to calculate how many fibre paths would fit between the source current path and the target according to the course width. If there is no space between the current path and the target reference to create a path, then that reference is ignored and the next nearest reference is used. The feasible region where the fibre path must be contained to comply with the manufacturing constraints is defined by: a parallel curve to the current fibre path with a distance equal to the course width minus the maximum overlap allowance, and a parallel offset of the course width plus the allowable gap ( Figure 5 ). A set of control points (C_Pt) are generated by offsetting the points created on the current path at a distance normal to the path on the part surface (i.e. on the distance lines between current path and reference). These points must lie inside the feasibility region. For that purpose, the following formulas have been used (2):
Where d_max and d_min denote the maximum and minimum distance between the current path and the reference, respectively; d(i) is the distance to the reference of the point(i) on the current path. G_max and O_max are the manufacturing constraints specified for maximum acceptable gaps and overlaps, respectively; ptbtw is the number of fibre paths that will be created between the current path and the reference; p is the path number; CW is the course width; and w is a weight factor to decide whether giving more importance to the current path or the reference. The weight value is normally set to 1. Values lower than 1 will result in the fibre path closer to the reference and higher values result in a path closer to the current path. As generally gaps 13 are preferred over overlaps, the formulas prioritise the presence of gaps within the allowable limits; i.e. if possible, it will eliminate overlaps by using the maximum size of gaps permitted. Better fit to the reference curves (and hence, to the optimal fibre angles) is obtained by relaxing the manufacturing constraints. Figure 6 depicts an example of the approaching process to a straight line using different values for the maximum gap allowed.
A spline is fitted through the calculated control points. The path smoothing algorithm described for the first step is also used here to ensure the created spline satisfies the constraint on minimum turning radius. A compromise between minimising angular deviation from the optimal trajectories and reducing gaps, overlaps and tow drop-offs is sought. The process is repeated until completion of the ply, using the new path as current path and the closest curve from the set of reference curves from the first step as new target to approach.
The solution procedure is further explained in algorithm 2. Further details on the implementation of gap and overlap analysis and curvature analysis are provided in sections 3.1 and 3.2 respectively. 14 pt btw = Round(d_min/CW). If pt btw = 0, go to step 16; else: 7. Calculate origin and end of current path where distances will be calculated. Distances are measured normal to current path 8. Create points on current path equally distributed along the active segment 9. Compute distances to reference measured normal to current path 10. Create control points by offsetting the points on the current path along the distance lines between current path and reference using formulas described in (2) (objective: approach reference and stay in feasibility region) 11. Fit a spline curve through the control points 12. Split and extrapolate curve (fibre path) to cover the surface 13. Check maximum curvature (section 3.2) and smooth new curve if necessary 14. If maximum angle deviation constraint is used, constraints on gaps and overlaps may not be fulfilled. Analyse individual gaps/overlaps (algorithm 3 in section 3.1) between current path and new fibre path and tune position of fibre path if necessary to satisfy the constraint that is prioritised (either maximum gap or maximum overlap) 15. Make Current path = new fibre path, and go to step 6 16. Calculate if ply is completed.
If reference = last reference on one side then, enable intersections (to ensure coverage of the ply) and go to step 5 If Side has been completed then: select Starting path = Current path; change orientation (do the other side) and go to step 5 If all references have been used then, End
Tow-dropping
Tow-dropping is a technique used in the manufacture of composite laminates, where fibre tows are individually dropped at the boundary of other paths or ply sectors. The algorithms described in previous sections did not consider towdropping. This implied that each fibre path would cover the whole ply or surface of the part, starting and ending outside its boundaries, regardless of any overlap with adjacent non-parallel paths. By dropping the tows, the number of overlaps can be reduced (tows are cut when overlapping other courses); thus, the fibre paths can be designed with a better fit to the theoretically optimal fibre angles, as adjacent courses are allowed more variability while still complying with the overlap size constraint. However, it creates resin-rich areas [76] , triangular voids, likely to be the onset of early failure [48] .
The way the tows are dropped at the interface of other courses or ply contours is defined by the desired coverage. Coverage of 100% will prevent the presence of gaps and 0% will do the same for overlaps. Any coverage different from 100% will result in the appearance of triangular gaps in the ply. Implementing tow-dropping requires modelling fibre paths up to a fibre tow granularity level and considering the minimum cut length (MCL) constraint, as there cannot be tow lengths below the MCL value. The introduction of the MCL constraint may lead to additional overlaps (if a path longer than necessary is laid up) or gaps (if the path is not laid up).
The algorithm estimates the number of tow-drops necessary for the input conditions and the list of fibre paths. The goal would be to minimise the number of drops as they represent discontinuities in the ply lay-up. This process is executed after the modelling of fibre paths for manufacturing (section 2.2).
When the contours of two adjacent courses intersect, tows will be dropped. The decision whether to drop the tows from one path or the other can be defined in the input variables (variable named Dropping Strategy). The method also estimates the percentage of material waste with respect to the ply area. Material waste is caused by the ends of the tows that lay outside of the ply surface of the component. Every time a course does not end perpendicularly to the ply contour (courses are cut normal to the path trajectory), there will be material beyond the ply. Having a tow shorter than the MCL on the boundary of a ply will lead to additional material waste, as the course needs to be extended outside of the ply.
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Analysis of manufacturing features of variable stiffness laminates
For the implementation of manufacturing constraints in the algorithms discussed in section 2, tools to analyse these manufacturing features are required.
Specifically, methods to compute the gaps and overlaps of a particular fibre path design and to calculate the minimum curvature radius are presented.
Analysis of gaps and overlaps
Gaps and overlaps are automatically modelled in CATIA, which enables an evaluation of this design constraint and a visual representation in the model. 
Measure of radius of curvature
The curvature (ߢ) is mathematically expressed as (3):
ߢ is the curvature, ࢻ is a curve parametrised by its arc length, and is the derivative of ࢻ, which is a unit vector tangent to the curve. The radius of curvature is the inverse of the curvature. For curves on surfaces, further measures of curvature can be defined: the geodesic curvature (ߢ ), the normal curvature (ߢ ), and the geodesic torsion (τ r ). The normal curvature is the curvature of the curve projected onto the plane containing the curve's tangent T and the surface normal n; the geodesic torsion measures the rate of change of the surface normal around the curve's tangent; and the geodesic curvature is the curvature of the curve projected onto the surface's tangent plane [95] . The latter measures how far the curve is from being a geodesic (curve with zero geodesic curvature). These magnitudes are related by the Frenet formulas, where the curvature verifies the following relationships (4):
For fibre placement, the interest lies in the geodesic curvature. This is the magnitude that defines the steering of the fibres. Thus, it is the value to which the constraint on maximum allowable curvature is applied. The normal curvature will measure the curvature of the surface in the direction of the curve's tangent. This induces a deflection of the fibres in the out-of-plane direction, which does not represent an issue. The placement head is positioned normal to the surface during lay-up, although certain tilt angle between the head and laying surface is possible.
For flat surfaces, it is apparent that, given a null value of the surface's curvature (ߢ = 0), the curvature at any point on the curve is equal to the geodesic curvature (ߢ = ߢ). Indeed, the geodesic curvature is just the usual curvature but when the curve is restricted to lie on a surface.
As explicit parametrisations of the curves are not available when modelling curves in CATIA, the concept of curvature has been implemented through its geometrical interpretation. For space curves, the given minimum radius of curvature would be the radius of the osculating circle to the curve, in agreement with equation (3), instead of the geodesic curvature. The geodesic curvature at a point P can be calculated by doing the orthogonal projection of the tangents to the curve of two infinitely close points (ࢻ൫‫ݐ‬ ൯ and ࢻ൫‫ݐ‬ + ∆‫ݐ‬൯ ‫ݐ∆‬ → 0) onto the tangent plane to the surface, and measuring the angle between them (see Figure 7 ). To avoid instability of the measurements, ‫ݐ∆‬ ≥ 0.001 ݉݉. The minimum curvature is estimated by getting the minimum value of a sufficiently fine partition of the curve.
Results
Design of flat square plate with a hole
The variable stiffness design of a plate with a circular cut-out loaded in tension and optimised for strength has been undertaken. The details of the structural optimisation are found in Peeters et al. [68] . The laminate is composed of 6 independent plies. The laminate is assumed to be balanced and symmetric, leading to a total of 24 layers (thickness of 4.6 mm). The manufacturing constraints and design of the case study is described in Figure 8 .
The optimal fibre angle distribution is converted to continuous fibre paths in the first step. A segment length of 10 mm was used to create the paths. These reference paths represent the structurally optimal paths, or the closest the optimal fibre angle distribution can be matched by continuous curves. Then, paths for manufacturing are modelled obeying the constraints on maximum gap and overlap. Initially, tow-dropping is not allowed and a constraint to limit the maximum allowable angle deviation from optimal has not been imposed.
Otherwise, the combination of constraints may not lead to a feasible solution.
Results for the reference paths and paths for manufacturing are depicted in Table 1 and Figure 9 , including the respective analysis of gaps (in green) and overlaps (in blue). The resulting maximum angle deviation is lower than 22° for all plies and the average angle deviation is inferior to 8°. Locally, large angle deviations are observed due to the small gap size allowed.
To further analyse the relationship between maximum angle deviation from structural optimal and gaps/overlaps, the design of ply 4 has been revised introducing a constraint on maximum allowable angle deviation of 5°.
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Considering that the optimised ply had a maximum angle deviation = 17.66°, larger gaps and overlaps than the manufacturing requirements will appear. Two alternative designs have been modelled: (i) without prioritising between gaps or overlaps; (ii) prioritising the gap constraint. The results are shown in Table 2 .
For comparison, it includes the results for the reference paths (that correspond to a 0° maximum deviation constraint) and the optimal paths when the constraint is not imposed. It shows the reduction of gaps and overlaps as the maximum allowable angle deviation constraint is relaxed. The gaps and overlaps of each design are modelled in Figure 10 . When introducing a constraint of 5° maximum angle deviation, the manufacturing constraints cannot be satisfied.
Lastly, the number of overlaps can be avoided by dropping tows. Figure 11 shows the ply with the modelling of tows. A Minimum Cut Length (MCL) of 80 mm and a tow-dropping coverage of 10% were applied. The first design (no priority between gaps and overlaps) requires a total of 11 tow-drops, while the second one (priority to meet the gap constraint) needs 27 tow-drops. The reference paths would require a total of 22 tow-drops to remove overlaps of up to 12 mm in size while still presenting large gaps. The fibre paths for manufacturing without imposing the maximum allowable angle deviation constraint do not require tow-dropping, as it has been designed without overlaps. The constraint on maximum allowable angle deviation is applied to the centreline of the path. The resulting maximum angle deviation is a couple of degrees higher than the imposed constraint due to the effect of the course width and optimal orientations at points far from the paths' centreline.
Design of a windshield front fairing
This structure has a double curved shape with reinforcement areas. It is an aircraft component designed with conventional straight orientations (0°, ±45°
and 90°). Thus, a fibre path design for manufacturing should be provided for 0°, 45° and 90° fibre orientations. Given the symmetry of the structure with respect to X-axis, the -45° ply design is obtained from the +45° ply by symmetry with respect to XZ plane. The location of the part in the aircraft is shown in Figure   12 .
The manufacturing constraints and case study are summarised in Figure 13 .
There is a minimum steering radius of 1000 mm, courses of 8 tows and a gap allowance of 2. 
Conclusions
The potential of fibre steering is limited by current manufacturing constraints of fibre placement technologies and design specifications. A novel approach to automatically model fibre paths based on structurally optimised fibre angle distributions and considering manufacturing requirements is proposed. This approach enables to design variable stiffness laminates with curvilinear paths as well as conventional complex structures that require fibre steering.
Algorithms are described that create continuous paths following a discrete fibre angle distribution and modify these fibre paths subject to constraints on gaps and overlaps, minimum steering radius, course width and minimum cut length.
Each fibre path is modelled and controlled independently. The outcome is a set of manufacturable fibre paths.
The algorithms have been successfully applied to design a series of structures with fibre steering for manufacturing by AFP. Complying with the specified manufacturing constraints and industrial specifications comes at the expense of fitness to the structurally optimal fibre angle distribution with the negative impact on the mechanical response. However, results show good correlation to the optimal fibre angle distribution. The design and manufacturing requirements are inputs that can be defined in the algorithms. With regard to the maximum allowable gap, maximum allowable overlap and maximum allowable angle deviation, only two out of three may be usually successfully imposed. The tool proposed in this research enables prioritising between these constraints. The algorithms are designed to minimise gaps, overlaps and angle deviation. 
